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More general probability sum-rules for describing interference than found in quantum mechanics
(QM) were formulated by Sorkin in a hierarchy of such rules. The additivity of classical measure
theory corresponds to the second sum-rule. QM violates this rule, but satisfies the third and
higher sum-rules. This evokes the question of whether there are physical principles that forbid
their violation. We show that in a theory that is indistinguishable from quantum mechanics in first
and second order interferences, the violation of higher sum-rules allows for superluminal signaling,
essentially because probability measures can be contextual in such theories.
I. INTRODUCTION
It is an interesting and basic question what determines the mathematical structure of quantum mechanics (QM).
Answering this potentially holds a key to resolving one of the top open problems in modern theoretical physics:
namely, the unification of QM with general relativity for creating a unified theory of quantum gravity. There have
been three broad approaches to answering this question. In one approach, the framework of generalized probability
or correlation theories [1, 2] broader than QM is employed, and one tries to identify axioms which would allow us to
derive QM. In another approach, one attempts to identify information theoretic (cryptographic) axioms for QM [3–5].
Finally, a third approach is to consider slight variations to QM, such as modifying the Born probability rule [6] or
introducing nonunitary evolution for closed systems [7], and noting that such variations seem to lead to implausible
consequences, mainly the violation of the no-signaling principle [8–17] or the efficient solution of computationally hard
problems [7, 18].
In an interesting instance of the third approach, due to Sorkin [19], quantum measurement statistics is placed within
a hierarchy of probability measure theories, whose members can be distinguished operationally using a generalization
of Young’s double slit experiment [19]. The Sorkin architecture is one of the popular theories which looks at alternative
formulations of quantum mechanics. It is actively under study and there are many recent investigations based on
this architecture which involve theoretical explorations [20–22] as well as experimental tests [23–25]. Whereas certain
generalized probability or correlation theories, such as those discussed in Refs. [1, 2], are explicitly designed to be
non-signaling, the status of signaling in Sorkin’s formalism has not been studied, as far as we know. One can construct
non-signaling toy theories that violate the Born rule, but the response of Refs. [8, 9] to Ref. [6], and the results of
the type discussed in Refs. [7, 18], suggest that theories otherwise close to or identical with QM lead to signaling.
This therefore motivates us to check the status of signaling in Sorkin’s hierarchy, and forms the focus of our study in
this work.
No-signaling is a fundamental feature of QM as we understand it, and implies that a signal does not travel from
one point to another except through the physical communication of a particle. It is in fact a feature of non-relativistic
QM, but compatible with relativity. Einstein-Podolsky-Rosen (EPR) correlations interpreted “realistically” imply a
nonlocal influence, demonstrated by the violation of Bell-type inequalities [26], but this nonlocality cannot be used
for signaling. Formally, no-signaling is the statement that the reduced density operator of a system is unaffected by
local operations on another system with which it may be entangled. General correlations (not necessarily quantum)
over N spatially separated parties, given by PN (o1, · · · , oN |m1, · · · ,mN ) is non-signaling if:
PN−T (oT+1, · · · , oN |mT+1, · · · ,mN ) =
∑
o1,··· ,oT
PN (o1, · · · , oN |m1, · · · ,mN ) , (1)
where oj are the outcomes and mj ’s are the measurements, for any bi-partition of the N into T and N − T parties.
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2It is proven in Ref. [27] that for any non-signaling correlations PN , a necessary and sufficient condition is that it
can be written in a quantumlike form:
PN (o1, · · · , oN |m1, · · · ,mN ) = Tr
([
Πm1o1 ⊗ · · · ⊗ΠmNoN
]
σ
)
, (2)
where σ is an operator such that Tr (σ) = 1, and Π
mj
oj are positive operators in the local space j, satisfying for all
mj the completeness condition
∑
oj
Π
mj
oj = Ij . If, further, σ is positive, the correlations PN are quantum. If and
only if σ corresponds to a product state is PN local. In this way, this unified framework allows us to obtain different
classes of theories by varying the properties of σ. If all possible local measurements Π
mj
oj , the method to extend it to
multi-partite systems, and the operators σ allowed in a theory are known and well characterized, then the question
of whether no-signaling is valid in the theory can be readily tested. As clarified below, this does not seem to be the
case in the Sorkin architecture, and we must use another approach.
The remaining article is structured as follows. In Section II, we provide the main motivation to expect a violation
of no-signaling in the Sorkin architecture, basically hinging on the fact that it is incompatible with non-contextuality
of probabilities. After presenting in Section III Sorkin’s idea briefly, in Section IV we propose on its basis a signaling
protocol using a non-maximally entangled state, in which the observer at the interferometer signals another observer
sharing an entangled particle. We point out a subtlety that can thwart the signal in this case, which paves the
way for the signaling protocol proposed in the next Section. We propose in section V a rigorous argument for the
incompatibility of no-signaling with the Sorkin architecture, based on a set-up wherein the interferometer is the signal
receiver, rather than sender. We then conclude in the next section, summarizing the deeper implication of our work.
II. SIGNALING VIA CONTEXTUALITY OF PROBABILITIES
In the foundations of quantum mechanics, we may distinguish between on the one hand the contextuality of hidden
variable assignments to explain the outcomes of incompatible measurements, which generalizes quantum nonlocality,
and is related to the Bell and Kochen-Specker theorems [28], and on the other hand, the non-contextuality of probability
assignments to explain outcomes of compatible measurements, which generalizes the no-signaling principle to the no-
disturbance principle, and is related to Gleason’s celebrated theorem [29].
By this theorem, assuming the state space to be that of (standard) quantum mechanics, i.e., Hilbert space, non-
Bornian probabilities must in general be contextual. That this contextuality can be the basis for nonlocal signaling
using a 3-dimensional single-particle system, was shown by Peres [30]. Suppose a particle is described by Hilbert space
H3 ≡ span(|0〉, |1〉, |2〉, |3〉), where |j〉 are 4 spatially separated wave packets. Further, suppose that Alice and Bob
are two observers who are separated spatially. Qutrits are prepared in a source in state |φ〉 = ∑k αk|k〉 (k = 0, 1, 2, 3
such that
∑
k |αk|2 = 1). They are shot towards a lab located centrally between Alice and Bob where a beam-splitter
deflects the |0〉 spin towards Bob, while the |1〉, |2〉 and |3〉 are deflected towards Alice. Alice’s Hilbert subspace is thus
span(|1〉, |2〉, |3〉). If probabilities were contextual (in the sense of Gleason), this would mean that Bob’s probability
to observe |0〉 (which is |α0|2 in the standard theory) may be different depending on whether Alice measures in the
basis B1 ≡ {|1〉, |2〉, |3〉} or (say) B2 ≡ { 1√2 (|1〉 ± |2〉), |3〉} basis, thereby leading to a signal.
To study the status of signaling in the Sorkin architecture, we will use methods based on the above idea. However,
it turns out that Peres’ protocol cannot be directly used to expose signaling, but must instead be extended to the
multi-particle case. The reason is the possibility of what we call local redistribution of probabilities. In the above
example, Alice may measure in the basis B1 or pass her particles through a 3-slit before measurement in a ‘screen
basis’ (which can be modelled by a discrete quantum Fourier transform, as shown below) B3 ≡ {|s1〉, |s2〉, |s3〉}.
Sorkin’s recipe (as detailed below) only entails that the probability P Sor(sj) for Alice to find the particle at position
sj on the screen will not coincide with the quantum mechanical probability Tr(ρ|sj〉〈sj |). Yet, it may still be true
that
∑
j P
Sor(sj) =
∑
j Tr(ρ|sj〉〈sj |), so that no signal is detected by Bob in this particular experimental setting.
Effectively, this is because the departure from Born rule is such that the screen probabilities are simply re-distributed
amongst themselves, with no overall modification of the probability mass in that subspace. In the Appendix, we
provide a general argument for how contextual probabilities can lead to signaling across the two parties who share an
entangled state. In Sections IV and V, we provide specific thought experiments that demonstrate this signaling.
It is important to stress that our above argument for signaling presumes the Hilbert space structure of the state
space. Ref. [31] presents a construction of non-signaling probabilities in a Banach space, in particular Lp spaces
with the p-norm p = 1, 2, · · · , which corresponds to Hilbert space for p = 2 and the Popescu-Rohrlich box statistics
[32] for p = ∞. When p 6= 2, Gleason’s theorem does not apply, and thus non-Bornian recipes for probability do
not necessarily entail contextuality. The key observation here regarding the Sorkin architecture is that quantum
mechanical predictions are expected to hold to arbitrary accuracy when the 1-slit and 2-slit interferometric set-ups
are used. This constrains the state space to the usual 2-norm, thereby rendering Gleason’s theorem binding. Our
3result basically says that if Born rule holds in the 2-slit context, then there is no freedom to deviate from this rule
when multi-slit contexts are considered.
The remaining article is arranged as follows. In Section III, we briefly introduce the Sorkin’s theory for generalizing
quantum measure. Based on Peres’ above idea of using the contextuality of probabilities to violate no-signaling, we
present two specific realizations of nonlocal signaling in the Sorkin architecture in Section IV using a non-maximally
entangled state in a sufficiently high-dimensional Hilbert space. Our result does not rule out modifications to QM
along the lines envisaged by Sorkin, but suggests regimes where such effects may be relevant. We briefly adumbrate
this point and conclude in Section VI.
III. SORKIN’S GENERALIZATION OF QUANTUM MEASURE THEORY
In such an experiment as envisaged by Sorkin, one assigns a probability measure to a set of pathways belonging
to a particle being detected at a given point on the screen. For example, consider the double slit experiment, with
slits A and B, in which one or both slits may be left open. For any point on the screen, we can write down the three
quantities P (A ∧B), P (A), P (B), representing the probability of detection with both slits being open, with only slit
A open and with only slit B open, respectively. Here ‘∧’ is the Boolean AND operator. For quantum probability, the
interference term:
I2(A,B) ≡ P (A ∧B)− P (A)− P (B) (3)
is non-vanishing, i.e., the 2-sum rule I2(A,B) = 0, fails [19], meaning that probabilities with individual slits being
open are not additive.
On the other hand, the quantum mechanical Born rule satisfies the 3-sum rule, in that the three-term interference
I3(A,B,C) ≡ P (A ∧B ∧ C)− P (A ∧B)− P (A ∧ C)− P (B ∧ C) + P (A) + P (B) + P (C) (4)
vanishes. Here P (A∧B ∧C) is the probability to detect a particle at a given position, with slits A,B and C open. In
QM, suppose ψj (j = A,B,C) is the amplitude that a particle propagates from slit j to point x on the screen, then
we have P (A ∧ B ∧ C) ≡ |ψA + ψB + ψC |2, P (A ∧ B) = |ψA + ψB |2, etc., and PA = |ψA|2, etc. Substituting these
into Eq. (4), we find that I3(ABC) = 0, implying that third-order (and higher-order interference) are absent in the
hierarchy of sum-rules defined as follows. Informally, this is because interference occurs through mixing of pairs of
paths and not triplets or quadruplets of paths.
The validation of the N -sum rule requires the vanishing of the N -th order interference term
IN (A1, A2, · · · , AN ) ≡ P
∧
j
Aj
−∑P ([N − 1]-sets)
+
∑
P ([N − 2]-sets)− · · · (−1)N−1
N∑
j=1
P (Aj), (5)
where
∑
P ([N − 1]-sets) is the sum of probabilities over all choices of (N − 1) open slits, etc [19]. Experiments to
date place a stringent upper bound on such a term [23–25].
It is of interest to know whether such modifications to QM can accomodate other properties of QM, considered
to be fundamental, since if this were not so, then this incompatability could be used as an axiomatic basis [33] to
rule out higher order interference. Here we prove that, under certain assumptions, such higher order super-quantum
interferences indeed lead to superluminal signaling. To the best of our knowledge, the issue of signaling has not been
raised in this connection, which is somewhat surprising, considering works cited above [7–14, 18]. The reason may
be that the formulation of Sorkin’s modification in terms of sum rules rather than a straightforward change in the
dynamics makes the search for states that would expose the signaling less obvious.
In developing this hierarchical framework, Sorkin had ignored contributions from non-classical i.e., looped paths
[19]. In a recent work, one of us has investigated the effect of including such paths in the calculation [34]. We find that
taking into account non-classical paths in a triple slit problem, does indeed generate a non-zero third order interference
term even in the standard theory, due to contributions from certain boundary condition considerations. In a situation
where two partners share a correlated state, in standard quantum mechanics this non-zero term will remain invariant
when the remote partner changes her/his measurement settings. However, the part of I3 that receives contributions
from the new physics a` la Sorkin may not be invariant under actions of the remote partner. For simplicity of the
narrative, we assume that such boundary-condition based I3 contribution is re-calibrated to 0, so that the condition
I3 6= 0 can indeed be considered as equivalent to signaling.
4Another assumption is that the state space structure of quantum mechanics holds good, with only the dynamical
part altered to accommodate a new interference recipe. In this context, it is of interest to note a recent work [22], where
the authors present a formalism to realize the higher-order interferences, with states being represented by tensors of
correspondingly larger number of indices. In contrast to our approach, their method allows for the possibility of
non-quantum states. It will be interesting to investigate the consequence from our signaling point of view for such
generalized theories.
By Gleason’s theorem, the probabilities in the Sorkin method, being non-Bornian, must be contextual. However
they do not automatically lead to signaling of the type considered by Peres for the following reason. Let Alice’s
measurement apparatus be a three-slit diaphragm followed by one of the two following set-ups: a screen, or a system
of three telescopes each focused on a different slit. If she measures in the ‘slit basis’ (by using the telescopic instead of
the screen system), there is no departure from the standard quantum mechanical prediction, by design. However, if
she measures in the ‘screen basis’, a violation of the 3-sum rule (4) can cause Bob’s probability to deviate from |α0|2,
thereby providing a Peres-like mechanism for signaling. However, a signal does not necessarily follow, since the failure
of the 3-sum rule may result in re-distribution of probabilities in the screen plane without affecting Bob’s probabilities.
We may hope to avoid this scenario if Alice and Bob were observing two separated but entangled particles, because
the redistribution may be reflected on Bob’s side via the nonlocal correlations, thereby producing a signal.
This immediately provides a motivation for extending Peres’ single-particle idea to a multi-partite situation, and
repeating the above thought experiment there. We give examples of signaling in the Sorkin architecture in the
following Section. A general, abstract framework for expecting such a signal in a bipartite entangled system is given
in Appendix A.
IV. SIGNALING IN THE SORKIN ARCHITECTURE: INTERFEROMETRIC SENDER
In Sorkin’s approach, the modified theory must be indistingishable from quantum mechanics for all single-slit and
2-slit experiments. Intuitively, this means (as made rigorous in Theorem 1 below) that the state space of the particle
is identical with the quantum mechanical one, i.e., described by the usual 2-norm Hilbert space geometry. This is our
first observation. Now, if further, we assume that probabilities are non-contextual, then Gleason’s theorem compels
them to comply with the Born rule. Thus, if IN 6= 0 (for N ≥ 3), probabilities must be contextual, which is our second
observation. The crux of this work is to show how this contextuality can be used as a basis for nonlocal signaling.
By the first observation above, Alice and Bob can be assumed to share an arbitrary quantum state. Suppose that
this is an entangled state. Bob may employ a multiple-slit interference experiment, and correspondingly, his particle
is of sufficiently high dimension. Alice’s is a spin-1/2 particle, which ensures that its measurement statistics are
unaffected even if there is a deviation from Born rule due to the presence of higher order interference terms in the
Sorkin framework.
A. Non-maximal entanglement
We may begin by considering (maximal) entanglement between the modes of Bob’s particle, that are assumed to
be localized at each slit, and corresponding modes of Alice’s particle. The impasse we are met with here is that the
tight correlation will render Bob’s modes incoherent, precluding a test of higher-order interference. On the other
hand, making Bob’s modes fully coherent renders them disentangled from Alice’s ones, and hence Alice powerless to
remotely prepare Bob’s ensemble. What is required thus is non-maximal entanglement between Alice’s and Bob’s
particles, which provides a trade-off between required coherence and remote control.
The scheme below requires a system of dimensionality 2×4. We present a more general version for a 2×N (N > 3)
system. Charlie creates a non-maximally entangled state between a qubit and an N+1-dimensional particle, of the
form:
|Ψ〉AB =
N−1∑
j=0
αj |0〉A|j〉B + αN |1〉A|N〉B . (6)
where {|j〉} constitutes modes that are sufficiently localized in the transverse direction. In this state, the entanglement
is such that the first N modes are coherent with each other (the off-diagonal terms are non-vanishing in the density
operator when represented in this basis), while the last mode is incoherent from them.
Charlie now distributes the entanglement to Alice and Bob, such that Alice receives the first particle in |Ψ〉AB and
Bob, who is spatially distant from her, receives the second particle. The state in Alice’s station, which is the reduced
5FIG. 1: Charlie distributes entanglement (6) to Alice and Bob, who performs a multi-slit interference experiment. In the
scheme of Section IV, the number of slits N ≥ 4 and Alice observes her particle, while Bob measures his in the slit or screen
basis. In the scheme of Section V, the number of slits N ≥ 3 and Bob observes his particle always in the screen basis, while
Alice measures hers in the computational or Hadamard basis.
density operator of the first particle, is
ρA =
N−1∑
j=0
|αj |2
 |0〉〈0|+ |αN |2|1〉〈1|
ρB =
N−1∑
j,k=0
αjα
∗
k|j〉〈k|+ |αN |2|N〉〈N |. (7)
Bob’s particle is passed through a set-up consisting of a diaphragm with N+1 slits, aligned to receive the transversely
localized modes |j〉. We may thus regard {|j〉} as the ‘slit basis’ of Bob (Figure 1). Measuring his particle in this
basis, Bob leaves Alice’s particle in the state ρslitA = ρA.
For simplicity, the diffraction resulting from slit passage may be modelled by a discrete Fourier transform [35]:
Uf |j〉 = 1√
N + 1
N∑
k=0
e2piijk/(N+1)|k〉, (8)
where the output basis is assumed to refer to the screen. We find:(
IA ⊗ UfB
)
|Ψ〉AB =
N−1∑
j=0
αj |0〉A 1√
N + 1
N∑
k=0
e2piijk/(N+1)|k〉B + αN |1〉A 1√
N + 1
N∑
k=0
e2piiNk/(N+1)|k〉B
=
1√
N + 1
N∑
k=0
N−1∑
j=0
e2piijk/(N+1)αj
 |0〉A + e2piiNk/(N+1)αN |1〉A
 |k〉B
≡
N∑
k=0
[Yk|0〉A + Zk|1〉A] |k〉B ≡
N∑
k=0
|ψk〉A|k〉B . (9)
Bob measures his particle in the state (9) in the ‘screen basis’ {|k〉B}. The probability with which he detects each
|k〉B determines his fringe pattern and is given by the norm of each mode in Eq. (9):
Bk = |||ψk〉||2 = 1
N + 1
∑
j,j′
e2pii(j
′−j)k/(N+1)αj′α∗j + |αN |2
 , (10)
6from which it follows that
∑N
j=0Bj = 1, using the identity
1
N+1
∑N
k=0 e
2piijk/(N+1) = δj0. We note that the structure
of the fringe pattern, as an incoherent sum of the contribution from the last slit and a coherent contribution from the
slits 0 through N−1, is due to the entanglement (Figure 1).
B. Signaling protocol
Let the state of Alice’s particle conditioned on Bob’s measuring in the slit basis be denoted ρslitA . Denoting the nor-
malized version of |ψj〉 by |φj〉 ≡ 1√
Bj
|ψj〉, we find that the state of the first particle, conditioned on the measurement
of the second in the screen basis, is:
ρscrA =
∑
j
Bj |φj〉A〈φj | =
∑
j
|ψj〉A〈ψj | = ρA. (11)
We thus have ρscrA = ρ
slit
A , which is the statement of no-signaling in standard QM.
On the other hand, if the mth-order interference (3 ≤ m ≤ N) can occur, then the Bj ’s in Eq. (10), which are
obtained by the usual Born quadratic formula, must be replaced by B′j such that then there is some point j for which
Bj 6= B′j , (12)
while by demand of conservation: ∑
j
B′j =
∑
j
Bj = 1. (13)
We note that if Ineq. (12) holds, then there will be at least another such j for which it holds, in order to ensure Eq.
(13).
Now Bj corresponds to the intensity at point j on the screen when all three slits are open, in other words,
I(A∩B ∩C) ≡ |ψA +ψB +ψC |2 in the standard quantum formalism. Similarly, I(A∩B) ≡ |ψA +ψB |2 etc. Plugging
these values into Eq. (4) we find that:
Iquantum3 = Bj − |ψA + ψB |2 − |ψA + ψC |2 − |ψB + ψC |2 + |ψA|2 + |ψB |2 + |ψC |2
= |ψA + ψB + ψC |2 − |ψA + ψB |2 − |ψA + ψC |2 − |ψB + ψC |2 + |ψA|2 + |ψB |2 + |ψC |2
= 0. (14)
Since the 2-slit probabilities are the same in the Sorkin architecture as in quantum mechanics, we have
ISorkin3 = I
quantum
3 −Bj +B′j . (15)
Thus, Ineq. (12) is equivalent to I3 6= 0.
Therefore, if I3 6= 0, we will have in place of Eq. (11),
ρscr′A =
∑
j
B′j |φj〉A〈φj | =
∑
j
B′j
Bj
|ψj〉A〈ψj | 6= ρA, (16)
imply nonlocal signaling. By construction, Bob’s density operator ρscr′A is normalized, though not necessarily linearly
related to ρA. We note that ρ
slit
A is unaffected even if IN 6= 0 (N ≥ 3), since during measurement in the slit basis,
only a single path (and not three or more paths) contributes to each possible detection. Thus, the usual Born recipe
for calculating probabilities will hold good.
C. Unitary equivalence of ensembles
Let us stress that we only have freedom to modify the probability rule, but not the state space. Suppose we allow
that in addition to Bj , which is replaced by B
′
j is the modified theory, that the projected state |φj〉A is also replaced
by |φ′j〉A such that
∑
B′j |φ′j〉A〈φ′j |. =
∑
j BJ |ψj〉〈ψj |, so that no-signaling is guaranteed.
7By the Hughston-Jozsa-Wootters theorem [36], Bob’s measurement is equivalent to measuring in the rotated basis
Ujk|k〉, where √
B′j |φ′j〉 =
∑
k
Ujk
√
Bk|φk〉, (17)
followed by standard quantum measurement, as seen by direct substitution. That U defined in Eq. (17) is indeed
unitary may be verified by taking the norm of the r.h.s, and verifying that it yields 1 when summed over j, only
when U has this property. In other words, the new physics would simply correspond to Bob measuring in a rotated
basis, so that we still would remain within the scope of the Born rule and I3 must be 0. Thus if I3 6= 0, then the two
ensembles– the Bornian and non-Bornian– cannot be unitarily equivalent, and a nonlocal signal will arise.
D. Local redistribution of probabilities
Bob can thus potentially transmit a superluminal signal to Alice by remotely preparing the state ρA or ρ
scr′
A , by
measuring in the slit basis or the screen basis. However, it turns out that the conspiracy of local redistribution of
probability may nullify this signal. We have that Bk = |Yk|2 + |Zk|2. Suppose we have that:
B′k = |Y ′k|2 + |Zk|2 such that
N−1∑
k=0
|Yk|2 =
N−1∑
k=0
|Y ′k|2. (18)
In other words, the probabilities of |k〉’s correlated with |0〉A are redistributed amongst themselves, so that the
probability for Alice to observe |0〉A or |1〉A is unaltered.
V. SIGNALING WITH AN INTERFEROMETRIC RECEIVER
As noted above, the nullification of the above signal through local redistribution can be attributed to the interfero-
metric observer (Bob) choosing the ensemble. To amend this, we must have Alice make the choice, and Bob observe
any given point on his screen. The situation can be concisely presented as the following result.
Theorem 1 Suppose T is a theory that is indistinguishable from quantum mechanics for 1-slit and 2-slit interfero-
metric set-ups, but I3 6= 0, then T is nonlocally signaling.
Proof. For simplicity, we consider a discrete N -level system. Consider a quantum state |Ψ〉 = ∑Nj=1 αj |xj〉. There
is a state ΨT in T that is indistinghishable from |Ψ〉 when measurements are performed in the basis B ≡ {|xj〉}. A
double-slit experiment can be considered as a measurement following a rotation in a 2-dimensional subspace. Suppose
B′ is a basis obtained from B by applying a two-level operation Ujk ∈ U(2) on the subspace spanned by basis elements
xj and xk (with identity applied on the remaining N − 2 dimensions). Physically Ujk, and thus B′, can be realized
using a biased beam-splitter with a phase gate at an input port. A 2-slit experiment would be realized using a Mach-
Zehnder set-up built from two beam-splitters. By the assumption in the Theorem, quantum mechanics and theory T
would be indistinguishable even under measurements in the basis B′. Recursively, we can construct other bases using
only U(2) operations, and the resulting measurements cannot distinguish quantum mechanics from T .
By the Reck-Zeilinger-Bernstein-Bertani theorem [37], any N -dimensional unitary UN ∈ U(N) can be decomposed
into at most
(
n
2
)
U(2) operations:
UN = UN,N−1UN,N−2 · · ·U2,1D, (19)
where Uj,k is general beam splitter operation on dimensions j and k, and an indentity operation on the remaining
N −2 dimensions; D is a diagonal matrix with entries given by elements of unit modulus. The implication of Eq. (19)
here is that any discrete Hermitian matrix can be measured on a quantum state using only beam-splitters, mirrors
and phase gates, and by assumption, the result should not be able to distinguish quantum mechanics and T . This in
turn means that the state space of T is just the usual Hilbert space equipped with the 2-norm. Gleason’s theorem
then entails that the Born rule is the only possibility, if probabilities are non-contextual.
If T is different from quantum mechanics at third or higher order, then there is an interferometric experiment
involving a three-port beam-splitter (tritter) or a higher-port beam-splitter, where we would find I3 6= 0 or IN 6= 0
8for some other higher-order interference. By Gleason’s theorem, such a departure from Born rule would imply
contextuality which, using the ideas of the previous subsection, we turn into a nonlocal signaling scenario.
In the modified theory T , suppose Alice and Bob share the state that is indistinguishable from the quantum state
Eq. (9) for 1-slit and 2-slit measurements. For convenience, we represent it as a quantum state. Alice measures her
particle either in the computational basis or Hadamard basis {|±〉 ≡ 1√
2
(|0〉 ± |1〉). In the latter case, their state can
be represented:
|Ψ′〉AB = 1√
2
N∑
k=0
[(Yk + Zk) |+〉A + (Yk − Zk) |−〉A] |k〉B
=
1√
2(N + 1)
N∑
k=0
 N∑
j=0
e
2piijk
N+1 αj
 |+〉A +
N−1∑
j=0
e
2piijk
N+1 αj − e 2piiNkN+1 αN
 |−〉A
 |k〉B . (20)
This entails an incoherent sum of two (N + 1)-path interference terms as observed by Bob. By contrast, if Alice
measures in the computational basis, then from Eq. (9), we find that the screen probability is an incoherent sum of
an N -path interference pattern and a singleton contribution. The Hughston-Wootters-Jozsa theorem (Section IV C)
says that these two ensembles can be equivalent and thus non-signaling only if they are unitarily equivalent, i.e., Eq.
(17) holds. In turn, this enforces the Born rule and vanishing I3. Any departure from the Born rule must, under the
considered assumptions, thus lead in general to signaling (A signaling protocol using a 3 × 2 dimensional system is
given below). 
To illustrate Theorem 1 with an example, consider Alice and Bob sharing the state
|χ〉 = |0〉A (α|0〉B + β|1〉B) + γ|1〉A|2〉B (21)
that lives in a 3× 2 dimensional composite Hilbert space. As before, the action of Bob’s triple-slit is modelled by the
discrete Fourier transform
F =
1√
3
 1 1 11 eiω e−iω
1 e−iω eiω
 , (22)
where ω = 2pi/3. His particle’s reduced density operator at the screen is given by
σ =
1
3
(|α+ β|2 + |γ|2) |0〉B〈0|+ (|α+ eiωβ|2 + |γ|2)|1〉B〈1|+ (|α+ e−iωβ|2 + |γ|2)|2〉B〈2|, (23)
which is an incoherent sum of amplitude contribution from the first two slits and the third. State σ will remain
unaltered even if the 3-sum rule is violated, because in the two incoherent sectors of |χ〉 (that correlated with |0〉A
and that with |1〉A), at most only 2 paths are available for interference.
On the other hand, under Alice’s Hadamard transformation, state |χ〉 transforms to:
|χ′〉 = |0〉A√
2
(α|0〉B + β|1〉B + γ|0〉) + |1〉A√
2
(α|0〉B + β|1〉B − γ|0〉) . (24)
Assuming violation of the 3-sum rule, here we have the possibility for 3-path interference in each incoherent sector.
When particle B is subjected to the triple-slit, the joint state is:
|χ′F 〉 =
1√
2
|0〉A
([
α+ β + γ√
3
]
|0〉B +
[
α+ eiωβ + e−iωγ√
3
]
|1〉B +
[
α+ e−iωβ + eiωγ√
3
]
|2〉A
)
+
1√
2
|1〉A
([
α+ β − γ√
3
]
|0〉B +
[
α+ eiωβ − e−iωγ√
3
]
|1〉B +
[
α+ e−iωβ − eiωγ√
3
]
|2〉A
)
(25)
Because of violation of the 3-sum rule, the probability to detect at each point on the screen is not necessarily given
as the incoherent sum of the squared law term but as the incoherent sum of some other function F , G, etc., of the
amplitude contributions received from the three slits (in as much as the state space remains quantum).
For example, in Eq. (25) the probability for outcome |0〉A|0〉B will not be 16 |α + β + γ|2 but some other function
F of this amplitude sum; likewise, with the probability to obtain |1〉A|0〉B . Thus, for outcome |0〉B〈0| on the screen,
no-signaling requires F and G such that
1
2
|α+ β + γ|2 + 1
2
|α+ β − γ|2 = F (α+ β + γ) +G (α+ β − γ) , (26)
9where the l.h.s is just the 13 (|α+ β|2 + |γ|2) coefficient of |0〉B〈0| in Eq. (23). For arbitrary α, β, γ, obviously the only
prescription that achieves this equality is the form given in the l.h.s, which is the usual quadratic Born recipe. Any
other rule cannot guarantee this equality to hold in general (in spite of conserving probability) and will produce a
noticeable deviation, which would constitute a signal.
VI. DISCUSSIONS AND CONCLUSIONS
We have shown that modification to the Born rule a´ la Sorkin is incompatible with no-signaling. The underlying
reason is that the assumed validity of the Born rule in the 1-slit and 2-slit cases makes the relevant state space
to be identical to that of quantum mechanics. Thus one can apply Gleason’s theorem, from which it follows that
the violation of the 3-sum rule makes probabilities contextual. This does not necessarily lead to signaling at the
single particle level, because Sorkin does not explicitly specify the form of such generalized measures, and a local
redistribution of probabilities can potentially thwart the signal. However, in the bipartite case, we can arrange so that
local redistribution is no longer a barrier to signaling under violation of higher-sum rules. Thus the main contribution
of this work is to recognize the contextuality implied by the Sorkin architecture and to show how to turn it into a
nonlocal signal.
Nevertheless, it is worth pointing out that our result does not rule out violation of higher sum rules, but constrains
the scale of validity of such modifications to standard QM. They may be relevant, for example, at Planck scales, where
a break-down in Lorentz invariance is expected because of quantum gravity considerations.
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Appendix A: Extending Peres’ signaling protocol to bi-partite systems
Consider a composite system S described by the Hilbert space HS ≡ HA ⊗HB . A local unitary operation on side
A has the form  ≡ υA ⊗ IB , where IB is the identity operation in HB . And similarly ′ ≡ υ′A ⊗ IB . We form the
partition:
HS =
⊕
k
HA ⊗ Bk ≡
⊕
j
Jk, (A1)
where HB =
⊕
k Bk. It follows that each partition Jk is an invariant subspace under  and under ′, in the sense that
if a composite system exists in Jk, then it is not shifted out of Jk if subjected to  or ′.
Let Φk ≡
(
Φ(A) ⊗ Φ(B))
j
be a fiducial, separable basis for the complement J k. According to the assumption of non-
contextuality in the sense of Gleason [29], the probability measure µ [Jk] associated with Jk should be independent
of whether the basis of measurement in J k is chosen to be  (Φk) or ′ (Φk). We have therefore
µ [Jk|(Φk)] = µ [Jk|′(Φk)] ≡ µ [Jk] . (A2)
In other words, the probability associated with Jk is independent of whether the basis of measurement is completed
in the complementary state space by (Φk) or 
′(Φk). Now,
µ [Jk|(Φk)] ≡
dimA∑
a=1
∑
b∈βk
Prob(A = a,B = b) ≡ ProbB(k|) (A3a)
µ [Jk|′(Φk)] ≡
dimA∑
a′=1
∑
b∈βk
Prob(A′ = a′, B = b) ≡ ProbB(k|′), (A3b)
where A and A′ are random variables representing basis elements in υA
(
Φ(A)
)
and υ′A
(
Φ(A)
)
and βk is the set of
dimensions in Φ(B) that span Bk. Here ProbB(jkξ) is the probability for Bob to obtain outcome k in the ξ-context
(ξ = , ′). Suppose that probabilities were contextual, and that we are able to find k such that
µ [Jk|(Φk)] 6= µ [Jk|′(Φk)] . (A4)
Then it follows from Eq. (A3) that
ProbB(k|) 6= ProbB(k|′), (A5)
which represents a violation of no-signaling. The existence of contextuality does not necessarily entail that we can
find such k in a composite system.
However, if A and B are entangled, A can remotely steer B’s ensemble. These ensembles which are unitarily
equivalent in standard QM may become inequivalent when non-Bornian probabilities are allowed in an ensemble-
dependent way, resulting in a signal. This turns out to be the origin of the signaling we obtain in Sections IV and
V.
